We explore signatures of a topological phase transition (TPT) in the work and efficiency of a quantum heat engine, which uses a single layer topological insulator, stanene, in an external electric field as a working substance. The magnitude of the electric field controls the trivial and topological insulator phases of the stanene. We investigate the effects of TPT in two types of thermodynamic cycles, with and without adiabatic stages. For the adiabatic case, we examine a quantum Otto cycle. We find that at the critical point of TPT both work and efficiency plots with respect to the strength of the electric field exhibit a kink. For a non-adiabatic case, we consider an idealized Stirling type cycle with two isothermal and two isoelectric processes. We find no signatures of the TPT unless a voltage bias is introduced to restrict the involved energy bands to the electronic manifold above the Fermi level. In this case, either above or below the critical point, both work and efficiency become zero depending on the relative magnitudes of the electric fields in the isoelectric stages.
I. INTRODUCTION
Heat engines are the practical motivations and significant outcomes of the field of thermodynamics, which led to high socioeconomic impact in the industrial revolutions [1] . In parallel with the social and industrial developments, list of the working substances in the heat engines has been grown since the steam engine in 18th century, and included three-level masers [2] , cavity photons [3] , spin systems [4] , single atom [5] , atomic clusters [6] , optomechanical systems [7] , superconducting resonators [8] , Dirac particles [9, 10] , graphene flake [11] [12] [13] , black holes [14] , and ultracold atoms [15] . Heat engines that are using working substances requiring quantum mechanical descriptions are called as quantum heat engines (QHEs), whose cycles [16] are studied under a quantum thermodynamical framework, which is an emerging and rapidly progressing field of research [16] [17] [18] [19] [20] . Experimental demonstrations of a single-atom heat engine [5] and QHEs with nitrogen-vacancy centers in diamond [21] and with cold Rb atoms [22] have been shown.
Typically the working system of the engine remains in a single-phase during a thermodynamic cycle. In practice, however, phase changes can happen during the engine operation and can enhance the efficiency. Power plants, for example, can be modeled by the Rankine cycle, which is based upon water-steam phase transition. Recently it has been argued that diverging fluctuations at a second order phase transitions can help to achieve Carnot efficiency in a quantum Otto engine [23] . More recently, it has been shown that a quantum phase transition of an interacting spin working system allows for reaching Carnot efficiency [24] . Inspired by these results, we ask if a topological phase transition (TPT) during a quantum engine cycle can have any significant effects on the efficiency. Furthermore, we explore if such effects can be used * mfadaei@ku.edu.tr † eyunt@ku.edu.tr ‡ omustecap@ku.edu.tr to probe a TPT. In contrast to the ordinary QPTs, TPTs has no local order parameter associated with symmetry breaking. TPT is described by a bulk invariant (Chern number) which is an integer and changes to another integer at the TPT. In case of gap closing at the TPT, we expect that global nature of the work could capture the TPT qualitatively in certain cycles. Usually, statistical work distribution measurements are studied in suddenly and infinitesimally quenched systems to examine phase transitions in quantum critical models [25] . Quench protocols bring the systems out of equilibrium and the work output is given by a probability distribution whose characteristic function can be related to the Loschmidt echo that can be determined in principle experimentally. It is shown that local quenches lead to edge singularities in the work distribution in a quantum critical system [26] . Our approach is on the other hand based upon a cyclic variation of a control parameter, instead of quenching, and to look for signatures of TPT in the work output of the cycle.
We specifically consider a 2D monolayer Stanene (Sn) as our working substance. Stanene is a counterpart of graphene for tin atoms [27] [28] [29] with low-buckled honeycomb geometry [30] . In contrast to graphene it has a larger spin-orbit coupling [31, 32] , can host the quantum spin Hall effect at room temperature for dissipationless electric currents [27] , and its band structure, in particular, Dirac cone band gap, can be controlled with an out-ofplane electric field such that it exhibits a TPT between two-dimensional trivial and topological insulator (2DTI) phases depending on the applied electric field [33] [34] [35] [36] . 2D Sn has been fabricated recently by molecular beam epitaxy [37] . Studies of thermal properties of Sn is limited to thermoelectrics so far [38] . Its outstanding properties, on the other hand, make it also an ideal candidate for a working substance of a room temperature topological QHE. We note that using heat, instead of work, has been considered to detect dynamical phase transitions and Majorana modes recently [39] . It is proposed there that Floquet-Majorona phases can be used for QHEs or heat pumps. Our simple model here can be envisioned as the first step towards QHEs with more sophisticated topological materials with TPTs.
By using an external electric field as the control parameter we consider adiabatic (specifically the Otto cycle) and non-adiabatic (specifically a Stirling type cycle as in Ref. [24] ) thermodynamic cycles in which Sn undergoes a topological phase transition. We calculate the work output and efficiency of the cycles; determine and compare the signatures of the TPT in both types of cycles. We find out that the answer to our question for both cycles is positive, TPT of Sn can be probed by using work and efficiency of QHE cycles. Highly distinct characteristic behaviors are obtained below and above the critical point of TPT. Another advantage of Sn working substance is that the QHE with TPT can operate around room temperature without the need for large external electric fields. We briefly discuss how to implement the cycle in an experimental setting a graphene bilayer as a scaffold at the end of the manuscript. This paper is organized as follows: We review the theory and TPT of Sn in Sec. II. The results and discussions are presented in Sec. III in two subsections where quantum Otto cycle case is presented in Sec. III A and non-adiabatic cycle case is presented in Sec. III B. In Sec. IV, a possible experimental realization is discussed. We conclude in Sec. V. The details of the calculations of the work output for both of the quantum thermodynamic cycles are given in the Appendices A and B.
II. WORKING SUBSTANCE
This section is a brief review of relevant properties of Sn for our QHE and TPT discussions. We consider a single layer of two-dimensional Sn in the xy−plane as the working substance for a QHE. An external electric field ε z is applied in the z−direction, perpendicular to the atomic layer. The system is described by a secondnearest-neighbor tight-binding model given in Ref [29] 
The first term is the nearest-neighbor hopping term and t is the transfer energy. The sum is taken over all pairs < i, j > of the nearest neighboring sites, c † iα and c jα create and annihilate an electron with spin polarization α at site i, respectively. The second and third terms are the effective and intrinsic Rashba spin-orbit interactions with the corresponding coefficients λ SO and λ R , respectively. µ ij and ζ i are equal to ±1 for two sublatices of Sn. σ denote the Pauli matrices; The coefficients υ ij are defined as
where d i and d i are the two nearest bonds connecting the next-nearest neighbors d ij and d
l is half of the perpendicular distance between two sublattices. The sum is taken over all pairs << i, j >> of the nextnearest neighbors. We note that the model describes other two-dimensianal honeycomb structure as well [29, 40] .
The low-energy effective Hamiltonian for stanene is derived from Eq. (1) around the K η point in Ref. [29, 31] as
where v f is the Fermi velocity and τ x,y,z are the Pauli matrices of the sublattice. Here, we ignore the Rashba term in Ref. [29] , as we will consider the behavior of the bands exactly at the at the Dirac points where the Rashba term vanishes. The energy spectrum of Eq. (3) is found to be [29] 
where k = k 2 x + k 2 y and s = ± is the electron spin. There are in total four distinct energy eigenvalues, which are each four-fold degenerate due to the valley and spin degrees of freedom.
Low energy band structure of Sn at the vicinity of K point given by Eq. 4 shows that the energy gap ∆ = 2|λ SO − lε z | at k = 0 is finite at ε z = 0; it decreases and closes at critical value ε cr . The phase diagram of Sn with respect to the external electric field is shown in Fig. 1 . The gap closing occurs at ε z = ±ε cr . It is found that gap closing is associated with TPT such that for |ε z | < ε cr Sn is a TI and for |ε z | > ε cr it is a band insulator [29, 35, 36] . 
III. RESULTS AND DISCUSSION

A. Quantum Otto Cycle
A quantum Otto cycle (QOC) consists of two isochoric and two adiabatic processes [16] . We consider a QOC with topological insulator as a working substance. The direction of the cycle is chosen such that net positive work is produced, as is depicted in Fig. 2 . The four stages of the QOC are as follows:
• Stage 1 (A to B): This is a quantum isochoric process where the working substance in an external electric field, ε h , with energy levels E h n is coupled to a hot bath at temperature T h . At point B, the working substance reaches thermal equilibrium with the hot bath, and the occupation probability of each eigenstate becomes P n (T h ), while the energy levels remain the same. No work is done but heat Q in
is absorbed by the working substance during this process.
• Stage 2 (B to C): In this process, which is a quantum adiabatic process, the working substance is isolated from the heat bath and the electric field changes from ε h to ε c , where ε c < ε h . The energy levels change from E h n to E c n . The occupation probabilities do not change. Work is done but no heat is transferred.
• Stage 3 (C to D): The working substance is subject to a constant electric field, ε c , and is coupled to a cold bath at temperature T c < T h . The occupation probabilities at the end of this stage are P n (T c ).
is ejected from the system. In Eq. 5 and Eq. 6,
) is the partition function and n counts the energy eigenvalues of the system.
• Stage 4 (D to A): The system is separated from the cold bath and undergoes another quantum adiabatic process, as the electric field is changed from ε c to ε h . Energy levels change from E c n to E h n The occupation probabilities remain the same. There is no heat transfer but work is done.
As the probability distribution remains invariant in the two quantum adiabatic processes, the entropy will remain invariant as well and no net heat is produced. Based on this fact, the net work produced during a QOE cycle is given by
The efficiency of the heat engine is η O = W O /Q in . Positive work condition requires Q in > −Q out , under which the system would opearate as a heat engine. Substituting Eq. 4 for k = 0 into Eq. (7) the net work is found to be
where
with i = c, h. The details of the calculations leading to (8) are in Appendix A. We take typical values for the parameters of Sn TI model [31] where λ SO = 30 meV and lε h and lε c are in the range 0 − 60 meV. We separately consider high and low temperature operation of the engine. For the high temperature case we take the temperatures of the hot and the cold baths as T h = 400 K and T c = 300 K, respectively; while for the low temperature case we assume T h = 100 K and T c = 30 K.
In Fig. 3 we show the electric potential domain of the positive work, W O > 0, as the shaded region. The positive work region linearly expands with the increasing electric fields, except a semicircular region terminated by the critical points of TPT at lε cr = λ SO . Fig. 3 could also be plotted for the negative values of the electric fields. The result would be inversion of the positive work region in Fig. 3 with respect to the origin.
Exact values and behavior of the work output as a function of lε c , for three representative values of lε h , are plotted in Fig. 4 . It shows a double peak profile. Zeros of the work function separate the regimes of the heat engine and heat pump or refrigerator operations of the system. The number of zeros can be deduced from Fig. 3 by the boundary of the shaded region. The critical point of TPT reveals itself as a kink in the curves at lε c = λ SO = 30 meV. As lε h is decreased the kink moves up from negative to positive values, where the system operates as a heat engine. The kink appears in the efficiency behavior as well, as shown in Fig. 5 . where we take lε h = 35 meV. Qualitatively similar behaviors are found for the low-temperature case. Fig. 6 indicates that the efficiency is higher for the low-temperature case.
Signatures of the TPT found in the positive work domain and in the behaviors of the work and efficiency with the applied electric fields can be challenging to observe in practice. The reason is that TPT is associated with the crossing of energy levels and hence the electric field variation must be infinitely slow towards the critical point in order to comply with the quantum adiabatic theorem during the adiabatic stages of the Otto cycle. One may avoid crossing the TPT point by taking lε h , lε c at the same side of the critical point and look for qualitative changes in the behavior of work by varying the fields or introduce transitionless drives [41] . An easier alternative is to remove the adiabatic stages from the cycle completely. In the following subsection, we will consider a non-adiabatic cycle, which is used in Ref. [24] to explore signatures of a quantum phase transition.
B. Stirling Cycle
It is reported in Ref. [24] that signatures of a quantum phase transition, associated with a level closing, can be found in the work and efficiency of a thermodynamic cycle, which consists of two isothermal and two isomagnetic processes. Isothermal processes transform the system through the phase transition point. TPT of Sn is associated with the band closing and hence we may expect similar signatures of TPT in a similar cycle considered in Ref. [24] . The cycle can be compared to that of an idealized Stirling cycle without regenerator. We will call the cycle in Ref. [24] as Stirling cycle. In the case of Sn the isomagnetic stages are replaced by the isoelectric processes as shown in Fig. 7 . However, the energy level structure of Sn is different than the model (interacting spins) in Ref. [24] . At the K point, Sn can be considered as a four-level system (see Eq. (A1) in Appendix A). The only levels crossing are the two middle ones (lowest conduction and highest valence levels). We will first consider a direct application of the cycle in Ref.
[24] to the full four-level Sn model then examine another case where a voltage bias is assumed to get a two-level model. We find that only the two-level model carries the signatures of TPT. The heat exchanged between the system and its surroundings in each stage of the cycle are given by (10) where
are the internal energies at constant electric field at each point α = A, B, C, D in the cycle and
are the respective entropies given in terms of the internal energies. The total work produced during this cycle is given by Figure 7 . Entropy-Electric field graph of a Stirling cycle consisting of two isothermal and two isoelectric stages. During the isothermal process from A to B (C to D), the system is brought into contact with a heat bath at temperature T h (Tc) and QBA (QDC ) amount of heat absorbed (released). In the isoelectric processes, the external electric field decreases (increases) from ε h (εc) to εc (ε h ) and the exchanged heat is QCB (QAD).
Plugging Eqs. (9) and (10), the total work is obtained in terms of the partition functions Z(α) :
We consider low energy band structures at room and low temperature for the following cases: (I) Without bias voltage and (II) With bias voltage.
Case (I): Without bias voltage
In this case we directly employ the cycle to the Sn with 4-level model at the K point (see Eq. (A1) in Appendix A). An explicit expression for work W S4 is derived in Appendix B. Setting ε h = 50 meV, λ SO = 30 meV, we let ε c change from 0 to 50 meV. The temperatures of the hot and cold baths are T h = 400 K and T c = 300 K, respectively. Fig. 9 and Fig. 8b plot the net work and the efficiency of the cycle. They smoothly drop to zero as ε c approaches to ε h . There is no sign of TPT in this case.
When low temperatures are considered, or when we change λ SO this behavior does not change. Hence we conclude that Stirling cycle does not yield any signatures of TPT for the full four-level Sn working substance.
Case (II): With bias voltage
In this case we consider application of a voltage bias, as proposed in Ref. [11] , to restrict the number of levels in the Sn model to two electronic levels at the K point above the Fermi level. The explicit expression of work W S2 for this effective two-level system is given in Appendix B. We plot W S2 and the efficiency η S2 with respect to lε c for different values of λ SO in Fig. 9a and Fig. 9b 
IV. IMPLEMENTATIONS OF THE THERMODYNAMIC CYCLES WITH TOPOLOGICAL INSULATORS
In addition to Sn (or Germanene or Silicene) as the working substance, the basic ingredients needed to construct a room temperature quantum heat engine with a TPT are tunable hot and cold baths that would be periodically in contact with the monolayer TI and tunable electric field that will vary between two values above and below the critical point. There are experimental reports on the successful fabrication of such monolayer TIs [42] [43] [44] [45] . The effect of an external electric field on them has been studied in both theoretical and experimental works [35, 36] . While one may directly use the environment (room) temperature, more controllable environments can also be envisioned for monolayer TIs. For example, we may propose that a graphene bilayer can be used as a scaffold for Sn. Such a set up preserves the topological properties of stanene and moreover, these stacked layers are stable above room temperature [35, 36] . Graphene has already been studied for its significant potential for heat flow control and energy harvesting [35, 36] ; and there are investigations which deal with annealing graphene [35, 36] . Accordingly, graphene bilayer scaffold could be used to conduct heat in a controllable manner and can act as a tunable act as the hot and cold bath to implement the isothermal or isochoric heating and cooling stages of the cycles we consider.
V. CONCLUSIONS
We have investigated signatures of the topological phase transition (TPT) of a monolayer Stanene (Sn) under an applied electric field in the work and efficiency of thermodynamic engine cycles using the Sn as their working substance. We specifically considered an Otto cycle and a Stirling cycle. In the case of Otto cycle, positive work domain in the electric field space, as well as the magnitude of the work and efficiency, exhibit qualitative effects of TPT. A kink separates a double-peaked work output profile at the critical point of TPT. In the case of Stirling cycle, TPT has no signature unless a voltage bias is introduced to limit the involved levels to the electronic manifold. Under the voltage bias, there is no positive work output after the critical point, which is consistent with the conclusion in the Ref. [24] . This result generalizes the idea of the Ref. [24] , which is using heat engine cycles to probe ordinary quantum phase transitions (QPTs) to the probing topological QPTs. Our method can also be an alternative to the typical scheme of probing TPT by the determination of the work distribution under a sudden quench. Our results are applicable to other monolayer topological insulators, such as Germanene and Silicene. The advantage of large spin-orbit coupling in such materials, relative to recently proposed Graphene flake heat engines [11] , is to enhance the work and efficiency with SO coupling and room or higher temperature operation. We hope our results could inspire further studies of topological quantum heat engines. 
The partition function for the two-level system is given by 
